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Most concrete structures repaired using the electrochemical deposition method (EDM) are not fully sat-
urated in reality. To theoretically illustrate the deposition healing process by micromechanics and quan-
titatively describe the effective properties of unsaturated concrete during the EDM healing process, a
multi-phase multi-level micromechanical framework is proposed based on the microstructure of unsat-
urated concrete and the EDM’s healing mechanism. In the proposed model, the volume fractions of water
and deposition products, the water effect (including further hydration and viscosity in pores) and the
shapes of pores in the concrete are comprehensively considered. Moreover, multi-level homogenization
procedures are employed to predict the effective properties of unsaturated concrete repaired using the
EDM. For the ﬁrst-level homogenization of this model, a modiﬁed function is presented to correct the
Mori–Tanaka (M–T) method, which is used to predict the effective properties of equivalent inclusions
composed of deposition products and water. To demonstrate the feasibility of the proposed microme-
chanical model, predictions obtained via the proposed multi-phase micromechanical model are com-
pared with the experimental data, including results from extreme states during the EDM healing
process. Finally, the inﬂuences of equivalent aspect ratios and deposition product properties on the heal-
ing effectiveness of EDM are discussed based on the proposed micromechanical model.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Over the last 20 years, the electrochemical deposition method
(EDM) has been developed to repair concrete cracks in aqueous
environment and has been applied to marine structures and other
situations in which traditional repairing methods are limited
(Yokoda and Fukute, 1992; Sasaki and Yokoda, 1992). Many
important EDM studies have been published, including regarding
specimen production (Ryu, 2003a; Ryu and Otsuki, 2005; Chang
et al., 2009), factors inﬂuencing the healing effectiveness of EDM
(Otsuki and Ryu, 2001; Ryu, 2003b; Chu and Jiang, 2009) and
assessments of the healing effectiveness of EDM (Otsuki et al.,
1999; Ryu and Otsuki, 2002; Jiang et al., 2008). Because most of
these studies have focused on experimental research, there are
few theoretical models pertaining to mechanical properties during
the EDM healing process. In previous work (Zhu et al., 2013), wepresent a micromechanical framework to quantitatively describe
the mechanical performance of EDM when it is used to heal
cracked saturated concrete.
However, many experimental investigations have shown that
concrete in aqueous environments that is not fully saturated even
when it is stored in water for a long time. Chatterji (2004) has re-
ported that the inner section of a cement cylinder (17 in in diam-
eter) remains dry even after the structure has been stored in
water for 222 days. Persson (1997) reports that the maximum sat-
uration degree of certain concrete specimens (l m in diameter and
0.1 m in thickness) is 98% when they are cured in water for
450 days. Because it is very hard for the external solution to reach
the dry or unsaturated zone of the concrete samples, those places
cannot be healed using EDM. Because this situation is very differ-
ent from that occurring in fully saturated concrete, a distinct
micromechanical model is needed to theoretically illustrate the
EDM healing process and quantitatively describe the effective
properties of unsaturated concrete during the EDM healing
process.
This paper presents a multi-phase micromechanical framework,
based on the microstructures of unsaturated concrete and the
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concrete: in Section 2, a micromechanical model for the healed
unsaturated concrete is presented based on the material’s micro-
structures. In Section 3, an approximate modiﬁed function for the
Mori–Tanaka (M–T) method is established to predict the effective
properties of the equivalent inclusions composed of deposition
products and water. In Section 4, a multi-level homogenization
procedure is proposed to estimate the effective properties of the
healed unsaturated concrete. Experimental validations and com-
parisons of the proposed model with existing micromechanical
models are presented in Section 5, which also discusses the inﬂu-
ences of the equivalent aspect ratio of the pores and the properties
of the deposition products on the healing effectiveness of EDM
based on our proposed micromechanical framework. Finally, con-
clusions are reached in Section 6.2. Micromechanical model for unsaturated concrete repaired
using EDM
2.1. Microstructure of healed unsaturated concrete
To investigate the healing effectiveness of EDM, the present
study describes the composite structure of healed unsaturated
concrete at the micro level. At this level, unsaturated concrete is
composed of pores, water, deposition products, mortar, coarse
aggregates and their interfaces (Wang and Li, 2007; Yaman et al.,
2002b). Considering that this study focuses on investigating the
deposition product’s healing effects on the properties of unsatu-
rated concrete by micromechanics, the three traditional solid
phases (i.e., mortar, coarse aggregates and their interfaces) are
merged into one matrix phase, namely intrinsic concrete, in repre-
sentative volume element (Wang and Li, 2005, 2007; Yaman et al.,
2002b); deposition products and water, and pores in the unsatu-
rated zone are considered as different inclusion phases in the
unsaturated concrete accordingly.
2.2. Effective porosity and saturation degree of unsaturated concrete
In the EDM healing process, water-occupied microcracks and
microvoids are gradually replaced by deposition products. Given
that the porosity of saturated concrete may change due to furtherFig. 1. Multi-phase micromechanical model for unsaturated concrete healed using
EDM.hydration (Delmi et al., 2006) and that unsaturated pores and dry
pores are difﬁcult to repair using this method, the present paper
employs the concepts of effective porosity and effective saturation
degree (Wang and Li, 2007).
Before healing, the further hydration effect decreases the poros-
ity and the effective pore radius of unsaturated concrete (com-
pared with that of dry concrete in the original state). Thus, the
effective porosity of unsaturated concrete can be expressed as
/eff ¼ mðkp; t;vÞ/ ð1Þ
where /eff is the effective porosity of unsaturated concrete; m is a
function of seepage rate (kp), seepage time (t) and the effective vis-
cosity of water (v), andm < 1 for wet concrete; and / is the porosity
of dry concrete (Wang and Li, 2007).
In general, the saturation degree is equivalent to the water-pore
volume ratio. However, because the unsaturated and dry pores are
presumed to be unhealed, this deﬁnition neither conveniently nor
clearly describes the healed volume of the pores during the EDM
healing process. The effective saturation degree is thus employed
to describe the proportion of pores that can be healed. In this pa-
per, the effective saturation degree refers to the percentage of fully
saturated pores (within the total number of pores) in the unsatu-
rated concrete, such that
Seff ¼ VPsatVP ¼ hðkp; tÞSw ð2Þ
where Seff is the effective saturation degree; VPsat is the volume of
pores that are fully ﬁlled with water (or the volume of water in the
saturated zone); VP is the total volume of pores in the concrete
(including the pores ﬁlled with water, unsaturated pores and dry
pores); Sw is the general saturation degree; and h is a function of
seepage rate (kp) and seepage time (t) and h is less than 1 (Wang
and Li, 2007).2.3. Micromechanical model for unsaturated concrete healed using
EDM
Because the water pressure inside pores is symmetric and ori-
entation-independence, this model assumes that the microcracks
and microvoids in the saturated zone are spheres (Wang and Li,
2005; Stora et al., 2006). Conversely, the microcracks and microv-
oids in the unsaturated/dry zone are presumed to be elliptical,
thereby incorporating their inﬂuences on effective properties
(Wang and Li, 2007).
Because more electrochemical deposition product is produced
for wider cracks (Jiang and Chu, 2005), the volume of the deposi-
tion product is assumed to be proportional to that of each spherical
pore in the saturated zone (Zhu et al., 2013). This assumption im-
plies that all fully saturated pores are healed simultaneously.
The properties of the interface between the deposition products
and the intrinsic concrete matrix are dependent on many factors,
such as the solution types and current densities, etc. (Otsuki and
Ryu, 2001; Jiang et al., 2008). A perfect bonding will be reached
when the current density is appropriately low (Jiang et al., 2008).
Therefore, in this study, the interfaces between the deposition
products and the intrinsic concrete matrix are presumed to be well
bonded (Zhu et al., 2013). More accurate micromechanical model
considering the imperfect bonding effect and the asynchronous
healing effect will be considered in our forthcoming research.
Using the aforementioned assumptions, a multi-phase micro-
mechanical model for unsaturated concrete healed using EDM is
proposed, as displayed in Fig. 1. By predicting the effective proper-
ties of our model, the concrete’s mechanical performance during
the healing process is revealed theoretically and quantitatively.
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Fig. 2. Comparison of relative differences between the exact solution of the shear
modulus and the estimations using the M–T method with or without modiﬁcation
(M(mO, /w) refers to the estimation without modiﬁcation, and M0(mO, /w) refers to
the estimation with modiﬁcation).
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3.1. Modiﬁed function for the M–T estimation of the effective shear
modulus of a two-layer sphere composite
Considering the works of Mori and Tanaka (1973) and Eshelby
(1957), the Mori–Tanaka (M–T) method has become a popular
micromechanical method for deriving effective modulus of a com-
posite (Benveniste, 1987; Norris, 1989; Zhao et al., 1989). It is pop-
ular because, when the volume fraction is low, it can provide good
estimates of the effective moduli using very simple expressions,
particularly when the shape of the inclusion is spherical, which
can be written as follows (Mori and Tanaka, 1973)
KM ¼ Kma þ /MðKin  KmaÞð3Kma þ 4lmaÞ3Kma þ 4lma þ 3ð1 /MÞðKin  KmaÞ
ð3Þ
lM ¼ lma þ
5/Mlmaðlin lmaÞð3Kma þ 4lmaÞ
5lmað3Kma þ 4lmaÞ þ6ð1/MÞðlin lmaÞðKma þ2lmaÞ
ð4Þ
where KM and lM are the effective bulk modulus and shear modulus
of the two-phase composite, respectively; Kin and lin are the effec-
tive bulk modulus and shear modulus of the inclusions, respec-
tively; Kma and lma are the effective bulk modulus and shear
modulus of the matrix phase, respectively; /M is the volume frac-
tion of the inclusions.
Schjødt-Thomsen and Pyrz (2001) have applied the M–T meth-
od to estimate the effective properties of a composite with a non-
dilute ﬁber volume-fraction. Ju and Chen (1994a) and Lin and Ju
(2009) have described the relationship between the overall com-
posite properties and the matrix phase using Taylor’s expression,
which is a function of the volume fraction of the inclusion and
the Poisson ratio of the matrix. To extend the application of the
M–T method, which is employed to obtain the effective shear mod-
ulus of the two-layer spherical composite (featuring water as the
inner phase), a modiﬁed function is presented in this paper by
comparing the estimation by the M–T method with the three-
phase model (Christensen and Lo, 1979). After some direct and
lengthy derivations (cf. Appendix A), it can be found that the Pois-
son ratio of the outer layer phase material and the volume fraction
of the inner phase material (water) are the only two factors inﬂu-
encing the value of the modiﬁed function, as expressed below
MðmO;/wÞ ¼
lM  lL
lL
ð5Þ
where MðmO;/wÞ is the modiﬁed function for the M–T estimation of
the effective shear modulus of a two-layer spherical composite; mO
is the Poisson ratio of the outer layer phase material; /w is the vol-
ume fraction of the inner phase material (water); and lM and lL are
the shear modulus calculated using the M–T method and the shear
modulus calculated using the three-phase model, respectively.
3.2. An approximate solution for the modiﬁed function
Instead of calculating the modiﬁed function (MðmO;/wÞ) (refer to
Eq. (5)), an approximate solution is derived in this paper. Because
the estimation provided by the M–T method is acceptable when
the volume fraction of the inclusion phase (/w) is less than 30%
(Du and Jin, 2011), the approximation for the MðmO;/wÞ can be ex-
pressed as Eq. (6) when /w < 30%
MðmO;/wÞ ¼ 0 ð6Þ
where MðmO;/wÞ is the approximation for MðmO;/wÞ.Furthermore, when 30% 6 /w < 1, the MðmO;/wÞ values are ex-
pressed as simple linear functions (refer to Eq. (7)). The derivation
process for these linear functions can be found in Appendix B. Lin-
ear interpolations can be employed when other Poisson-ratio val-
ues are considered in Eq. (7).MðmO;/wÞ ¼
0:0280þ 0:5314 ð/w  0:3000Þ; mO ¼ 0:0
0:0316þ 0:5898 ð/w  0:3000Þ; mO ¼ 0:1
0:0361þ 0:6627 ð/w  0:3000Þ; mO ¼ 0:2
0:0415þ 0:7570 ð/w  0:3000Þ; mO ¼ 0:3
0:0483þ 0:8834 ð/w  0:3000Þ; mO ¼ 0:4
0:0567þ 1:0619 ð/w  0:3000Þ; mO ¼ 0:5
8>>>>><
>>>>:
ð7Þ
The effective shear modulus of the two-layer spherical compos-
ite can be obtained using the M–T model as shown below (regard-
less of whether the volume fraction of the water is dilute)lM ¼ lM
1þMðmO;/wÞ
ð8Þwhere lM is the effective shear modulus of the two-layer spherical
composite determined using themodiﬁedM–Tmodel with the outer
layer as the matrix phase and the inner layer as the particle phase.
To test the effectiveness of the approximate solution, the rela-
tive difference between lM and lL MðmO;/wÞ ¼ lMlLlL
 
and the rel-
ative difference between lM and lL M
0ðmO;/wÞ ¼ lMlLlL
 
are
compared with different sets of Poisson ratios and volume frac-
tions based on the following detailed numerical studies.
As exhibited in Fig. 2, the relative difference between the
unmodiﬁed M–T method and the exact estimation becomes larger
as the Poisson ratio and the volume fraction of the water increase.
The maximum difference approaches 70% when the Poisson ratio is
0.4. It is therefore predicted that this relative difference increases
as the Poisson ratio of the outer-layer material increases. However,
when using the modiﬁcation proposed in this paper, the maximum
difference between the approximately determined shear modulus
and the exactly determined shear modulus is less than 7%, indicat-
ing that the M–T model modiﬁcation proposed in this study is
effective and appropriate.
(a)
(b)
(c)
Fig. 3. The multi-level homogenization procedures: (a) the ﬁrst-level: homogeni-
zation of the deposition products and water; (b) the second-level: homogenization
of the intrinsic concrete and equivalent inclusion; (c) the third-level: homogeni-
zation of the pores and equivalent matrix.
3878 Z. Yan et al. / International Journal of Solids and Structures 50 (2013) 3875–38854. Estimating the effective properties of unsaturated concrete
repaired using EDM
4.1. Multi-level homogenization scheme for estimating effective
properties
Micromechanical models for estimating the effective properties
of the composite are usually developed by averaging the stress
ﬁeld and strain ﬁeld of the material representative volume element
(RVE) featuring a ‘‘mesoscopic’’ length scale which is much larger
than the characteristic length scale of particles (inhomogeneities)
but smaller than the characteristic length scale of a macroscopic
specimen. Mathematically, this procedure is related to the homog-
enization method (Ju and Chen, 1994b). Previously published stud-
ies have shown that a homogenization stepping scheme is an
effective way to obtain the effective properties of multi-inclusion
composites (Li et al., 1999; Garboczi and Berryman, 2001; Yang
et al., 2007; Nguyen et al., 2011; Ju and Chen, 1994a; Ju and Zhang,
1998; Ju and Sun, 1999, 2001; Sun and Ju, 2001, 2004; Ju and Yan-
ase, 2010, 2011; Yanase and Ju, 2012; Sheng, 1990; Zhao and
Zhang, 2007). The multi-phase micromechanical model used in
the present study also employs a multi-level homogenization pro-
cedure. First, the M–T method with the modiﬁed function is em-
ployed to perform the ﬁrst level homogenization of the two-
phase composite composed of water and deposition products to
obtain the equivalent inclusion, as shown in Fig. 3(a). Second, the
micromechanical model presented by Ju and Chen (1994b) is mod-
iﬁed to homogenize the two-phase composite composed of intrin-
sic concrete and the equivalent inclusion obtained in the ﬁrst level,
as shown in Fig. 3(b). Due to the spherical symmetry, the equiva-
lent material present after this homogenization is still isotropic.
Third, with the micromechanical model presented by Berryman
(1980), the effective properties of the equivalent homogeneous
composite can be obtained by the homogenization of the two-
phase composite composed of unsaturated pores and the equiva-
lent matrix obtained by the second level homogenization, as
shown in Fig. 3(c).
4.2. The ﬁrst-level homogenization for the equivalent inclusion
composed of water and deposition products in the saturated zone
The ﬁrst-level homogenization employs our modiﬁed M–T
method to obtain the effective bulk modulus and shear modulus
of the equivalent inclusion. Here, the deposition products and the
water are characterized as the matrix phase and the particle phase
(inhomogeneities), respectively. Based on the M–T method (Mori
and Tanaka, 1973), the expressions are as follows
KF ¼ K2 þ /FWðK1  K2Þð3K2 þ 4l2Þ3K2 þ 4l2 þ 3ð1 /FWÞðK1  K2Þ
ð9Þ
l0F ¼ l2 þ
5/FWl2ðl1  l2Þð3K2 þ 4l2Þ
5l2ð3K2 þ 4l2Þ þ 6ð1 /FWÞðl1  l2ÞðK2 þ 2l2Þ
ð10Þ
where
/FW ¼
Vwat
Vwat þ Vdep ð11Þ
Vwat þ Vdep ¼ Seff/eff Vtot ð12Þ
where KF is the effective bulk modulus of the equivalent inclusion;
l0F is the shear modulus of the equivalent inclusion estimated by the
unmodiﬁed M–T method; K1, K2 are the bulk modulus of the water
and the bulk modulus of the deposition products, respectively; l1,
l2 are the shear modulus of the water and the shear modulus of
the deposition products, respectively; /FW is the volume fractionof the water; Vwat is the volume of water in the fully saturated
pores; Vdep is the volume of the deposition products; and Vtot is
the total volume of the RVE.
After modiﬁcation using the approximate value of the modiﬁed
function, the effective shear modulus for the equivalent inclusion
can be expressed as described by Eq. (13).Mðm2; /FWÞ can be calcu-
lated according to Eqs. (6) and (7) and the linear interpolation in
Section 3.2.
lF ¼
l0F
1þMðm2;/FWÞ
ð13Þ
where lF is the effective shear modulus of the equivalent inclusion
estimated using our modiﬁed M–T method and m2 is the Poisson ra-
tio of the deposition products.
4.3. The second-level homogenization for the equivalent matrix
composed of the intrinsic concrete and the equivalent inclusion
The micromechanical model proposed by Ju and Chen (1994a)
for particulate composites is well known as the most effective
medium approach based on generalizations of the Eshelby method
(Eshelby, 1957). In the second-level homogenization, to obtain the
effective properties of the equivalent matrix composed of intrinsic
concrete and equivalent inclusion (i.e., water, deposition products),
the particle phase in Ju and Chen’s model (Ju and Chen, 1994b) is
Z. Yan et al. / International Journal of Solids and Structures 50 (2013) 3875–3885 3879modiﬁed using the equivalent inclusion phase obtained in the ﬁrst-
level homogenization. When the non-interacting solutions of this
model are considered, the effective bulk modulus and shear mod-
ulus of the equivalent matrix are as follows (Ju and Chen, 1994a,b)
KS ¼ K3 1þ 3ð1 m3ÞðKF  K3Þ/H3ð1 m3ÞK3 þ ð1 /HÞð1þ m3ÞðKF  K3Þ
 
ð14Þ
l0S ¼ l3 1þ
15ð1 m3ÞðlF  l3Þ/H
15ð1 m3Þl3 þ ð1 /HÞð8 10m3ÞðlF  l3Þ
 
ð15Þ
with
/H ¼
Seff/eff
ð1 ð1 Seff Þ/eff Þ
¼ Vwat þ Vdepð1 ð1 Seff Þ/eff ÞVtot
ð16Þ
where KS is the effective bulk modulus of the equivalent matrix; l0S
is the shear modulus of the equivalent matrix, and K3 and l3 are the
bulk modulus and shear modulus, respectively, of the intrinsic
concrete.
With regard to the effect of water viscosity in pores in unsatu-
rated concrete, we use the effective saturation degree to modify
the shear modulus, as described by the following expression
(Wang and Li, 2007)
ls ¼ 1þ f1ðSeff/Þ2 þ f2Seff/
h i
l0S ð17Þ
where lS is the effective shear modulus of the equivalent matrix
considering the effect of water viscosity and f1 and f2 are parame-
ters investigated by the experiments (Wang and Li, 2007).
4.4. The third-level homogenization for the equivalent homogenous
composite composed of the equivalent matrix and dry pores
The inﬂuence of dry and unsaturated pores on effective concrete
properties is considered using the equivalent aspect ratio in our
third-level homogenization as follows (Wang and Li, 2007; Berry-
man, 1980)
a ¼ 1
N
XN
i¼1
ai
bi
ð18Þ
where a is the equivalent aspect ratio of the pores; ai and bi are the
lengths of the pores’ minor and major axes, respectively; and N is
the number of different pores in the unsaturated and dry zones of
the concrete.
In the third-level homogenization process, the effective proper-
ties of the unsaturated healed concrete (i.e., the equivalent homog-
enous composite) can be obtained by replacing its matrix phase
(Berryman, 1980) with the equivalent matrix calculated in the sec-
ond-level homogenization. The resulting self-consistent iterative
schemes are described by the expressions below (Berryman, 1980)
Kð Þnþ1 ¼
ð1 /kÞKS P2
 
n
ð/kÞ P1
 
n
þ ð1 /kÞ P2
 
n
ð19Þ
ðlÞnþ1 ¼
ð1 /kÞlS Q 2
 
n
ð/kÞ Q 1
 
n
þ ð1 /kÞ Q 2
 
n
ð20Þ
/k ¼ ð1 Seff Þ/eff ð21Þ
where Kð Þnþ1, lð Þnþ1 and Kð Þn, lð Þn are the (n + 1)th and nth
approximations of K and l, respectively; /k is the volume fraction
of pores that are not healed. P1
 
n
, P2
 
n
, Q 1
 
n
, Q 2
 
n
are coef-
ﬁcients deﬁned by the nth approximations to K and l; i.e., Kð Þn
and lð Þn.When the inclusions become penny-shaped cracks, these coefﬁ-
cients are calculated as follows (Berryman, 1980)
P1
 
n
¼ K
ð Þn
pa bð Þn
ð22Þ
P2
 
n
¼ K
ð Þn þ 43lS
KS þ 43lS þ pa bð Þn
ð23Þ
ðQ 1Þn ¼
1
5
1þ 8ðl
Þn
paððlÞn þ 2ðbÞnÞ
þ 4ðl
Þn
3paðbÞn
 
ð24Þ
Q 2
 
n
¼1
5
1þ 8 l
ð Þn
4lSþpa lð Þnþ2 bð Þn
 	þ2 KSþ 23lSþ 23 lð Þn
KSþ 43lSþpa bð Þn
 !
ð25Þ
with
bð Þn ¼ lð Þn
3ðKÞn þ ðlÞn
 	
3 Kð Þn þ 4 lð Þn
 	 ð26Þ
Let KT , lT be the effective bulk modulus and shear modulus of
the equivalent homogenous composite (i.e., the healed unsaturated
concrete). To obtain the value of KT and lT , the numerical itera-
tions are employed. Firstly, with the ﬁrst approximations
ðKÞ1 ¼ KS, ðlÞ1 ¼ lS, the coefﬁcients ðP1Þ1, ðP2Þ1, ðQ 1Þ1, ðQ 2Þ1
can be calculated by Eqs. (22)–(26); then the second approxima-
tions to K and l, i.e., ðKÞ2 and ðlÞ2, can be calculated by Eqs.
(19)–(21) with ðP1Þ1, ðP2Þ1, ðQ 1Þ1, ðQ 2Þ1. With the current
approximation to K and l, the current coefﬁcients can be
reached, which will lead to the next approximation to K and l.
Through this self-consistent iterative scheme, the (n + 1)th and
nth approximations to K and l can be reached. When the differ-
ence of the values between the these two successive approxima-
tions becomes sufﬁciently small (in the present case, this value is
set as 0.0001), the (converged) effective properties of the unsatu-
rated healed concrete can be expressed as follows
KT ¼ Kð Þnþ1 ð27Þ
lT ¼ lð Þnþ1 ð28Þ
Furthermore, the Young’s modulus of unsaturated concrete can
be obtained based on the theorem of elastic mechanics, provided
that the bulk modulus and shear modulus are known
ET ¼ 9KTlT3KT þ lT
ð29Þ
where ET is the Young’s modulus of the equivalent homogenous
composite (i.e., the healed unsaturated concrete).
4.5. Modiﬁcations to estimations of effective properties in dry
conditions
In this paper, the proposed model is intended to predict the
static properties of unsaturated concrete repaired using the EDM.
When the concrete repaired using the EDM is dried (Ryu,
2003a,b; Jiang et al., 2008), the properties pertaining to water
should be replaced by those pertaining to air, and the water effect
should be ignored. Furthermore, if ultrasound waves are employed
to test the effective dynamic properties under dry conditions
(Prassianakis, 1977, 1994; Prassianakis and Prassianakis, 2004),
the static properties should be modiﬁed to dynamic properties
according to the relationship between them (Shkolnik, 2005;
Yaman et al., 2002a,b).
When the unsaturated concrete is dried, the saturated zone
turns to the dry state. The assumption that the shape of pores
in the saturated zone is spherical is no longer reasonable because
3880 Z. Yan et al. / International Journal of Solids and Structures 50 (2013) 3875–3885there is no water pressure. At the same time, given that the vol-
ume fraction and shape of the pores change after healing (Chang
et al., 2009; Otsuki and Ryu, 2001), proper modiﬁcation is re-
quired. Only the results of the second-level homogenization are
modiﬁed because the shape of the pores in the unsaturated zone
is unchanged (because this zone is unhealed). Since our predic-
tions are based on the assumption that all pores in the saturated
zone are spherical, three modifying coefﬁcients are introduced to
reﬂect the inﬂuence of the pore shape when unsaturated concrete
is driedvK ¼
Ka
Ka¼1
ð30Þvl ¼
la
la¼1
ð31ÞvE ¼
Ea
Ea¼1
ð32Þ
where vK , vl and vE are modifying coefﬁcients; K

a¼1, la¼1 and E

a¼1
are the predicted effective bulk modulus, effective shear modulus
and Young’s modulus, respectively, when the pore shape is spheri-
cal (a ¼ 1); Ka, la and Ea are the predicted effective bulk modulus,
effective shear modulus and Young’s modulus, respectively, when
the pore shape is not spherical (a < 1).
Ka¼1; la¼1, E

a¼1, K

a, la and E

a can be calculated using Eqs. (19)–
(29) with following modiﬁcations (Berryman, 1980):
(1) The matrix phase should be turned into the equivalent
matrix composed of the intrinsic concrete and the deposi-
tion products, which means that KS and lS should be
replaced by Kaver and laver , as shown below (Zhu et al.,
2013; Zhao and Zhang, 2007)KS ¼ Kaver ¼ 0:5 /GK2 þ ð1 /GÞK3½  þ 0:5
K2K3
/GK3 þ ð1 /GÞK2

 
ð33ÞlS ¼ laver ¼ 0:5 /Gl2 þ ð1 /GÞl3
 þ 0:5 l2l3
/Gl3 þ ð1 /GÞl2

 
ð34Þ32
KT (Seff=100%)  
K  (S =80%)     /G ¼
Vdep
Vint þ Vdep ¼
/FDðSeff/eff Þ
1 ð1 Seff Þ/eff  ð1 /FDÞðSeff/eff Þ
ð35Þ28
a)
T eff
KT (Seff=50%)    
KT (Seff=10%)    /FD ¼ 1 /FW ð36Þ12
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24
B
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 (G
P  Estimation (Zhu et al., 2013)
where Vint is the volume of the intrinsic concrete; /FD is the volume
fraction of the deposition products in the equivalent inclusion; and
/G is the volume fraction of the deposition products in the equiva-
lent matrix composed of the intrinsic concrete and the deposition
products.
(2) The volume fraction of the inclusion (/k, refer to Eq. (21))
should be replaced by /aver as shown below0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1/k ¼ /aver ¼
Vwat
Vint þ Vdep þ Vwat ¼
ð1 /FDÞðSeff/eff Þ
1 ð1 Seff Þ/eff
ð37Þ
φFD
Fig. 4. The inﬂuence of the effective saturation degree on the effective bulk
modulus during the healing process.In summary, the effective properties of the healed unsaturated
concrete in the dry state can be obtained as follows:(1) The properties of water should be replaced by those of air in
the ﬁrst-level homogenization, and the water viscosity in
pores should be ignored.
(2) Using Eqs. (19)–(37), the modifying coefﬁcients can be cal-
culated, and the properties of the equivalent matrix in the
dry state can be obtained by multiplying the results of the
second-level homogenization by these coefﬁcients.
(3) Using the third-level homogenization with the modiﬁed
equivalent matrix obtained in the second-level homogeniza-
tion, the effective properties of the healed unsaturated con-
crete in the dry state can be obtained.
(4) Furthermore, based on the relationship between the static
moduli and the dynamic moduli (Yaman et al., 2002a,b;
Shkolnik, 2005; Ju et al., 2006), the estimation can be used
to predict the dynamic moduli.
5. Veriﬁcation and discussions
5.1. Comparison with EDM experiments under dry conditions
This section discusses the results predicted for unsaturated con-
crete with different effective saturation degrees and compares the
predicted results with the experiments conducted by Jiang et al.
(2008).
As exhibited in Figs. 4 and 5, the effective bulk modulus and
effective shear modulus of the healed unsaturated concrete can
be determined using our micromechanical model. The effective
properties of the healed unsaturated concrete improve with
increasing effective saturation degree. It can also be observed that
the healing effect is more signiﬁcant when the effective saturation
degree is higher as the unsaturated zone cannot be healed.
The effective properties of the healed saturated concrete can be
determined by our model when the effective saturation degree is
equal to 100%. As exhibited in Figs. 4 and 5, it indicates that the
effective bulk modulus and the effective shear modulus predicted
by the micromechanical healing model for saturated concrete
(Zhu et al., 2013) agree fairly well with those predicted by our
model.
Moreover, when modiﬁed as discussed in Section 4.5, our
micromechanical model for the healed unsaturated concrete can
predict numerous experimental results, as demonstrated when
the experiments conducted by Jiang et al. (2008) are compared
with the micromechanical model proposed in this paper. In these
experiments, porous concrete was used to simulate cracked con-
crete. The porous concrete is almost saturated, having been under
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Fig. 5. The inﬂuence of the effective saturation degree on the effective shear
modulus during the healing process.
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Fig. 7. Comparison between the results obtained using the proposed model and
those obtained experimentally for the Young’s modulus of the unsaturated
concrete.
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deposition products can be determined based on the mass incre-
ment and density. The dynamic Young’s modulus of the specimens
in the dry state can be obtained as follows (Prassianakis and Pras-
sianakis, 2004; Ju et al., 2006)
Ed ¼ qR2ð1þ mÞð1 2mÞ=ð1 mÞ ð38Þ
where Ed is the dynamic Young’s modulus; q is the density; m is
Poisson’s ratio; and R is the sound velocity of the ultrasonic wave.
To validate our micromechanical model, we consider specimen
P2 with an initial porosity of 0.3. As exhibited in Fig. 6, the predic-
tions of our multi-phase micromechanical model for unsaturated
concrete correspond well with those obtained experimentally,
indicating that our model can quantitatively describe the healing
process of EDM at a micromechanical level.
5.2. Comparisons with the other experimental data and existing model
To further validate the proposed micromechanical model, some
extreme states of EDM for unsaturated concrete are discussed
below.
In one extreme state, there is absolutely no healing process in
the repaired concrete specimen (which is, therefore, an unsatu-
rated concrete sample). Therefore, the inclusion phases in the con-0 5 10 15 20 25 30 35 40 45 50 55 60 65
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Fig. 6. Comparison between the results obtained with the proposed model and
those obtained experimentally for the dynamic Young’s modulus in the dry state.crete are water and the air in the pores, which means that KF ¼ K1
and lF ¼ l1. In this case, our model is used to predict the effective
properties of unsaturated concrete. Further, when Seff ¼ 1, our
model can predict the effective properties of saturated concrete.
To test the accuracy of our model, the experimental data of Ya-
man et al (2002a,b) and the estimated results of Wang and Li
(2007) are compared with our predicted results, as presented in
Fig. 7. In the model, the equivalent aspect ratio equals 0.2, which
is the same value presented in the literature (Wang and Li,
2007). Fig. 7 shows that the model developed in this paper ﬁts well
with the experimental results obtained in dry concrete samples
when the pore’s aspect is considered. Given that water in saturated
pores limits concrete deformation and increases concrete stiffness,
it can also be observed that the Young’s modulus of wet concrete
improves with the increasing saturation degree. As demonstrated
by Figs. 8 and 9, a similar trend can be obtained with regard to
the effective bulk modulus and shear modulus.5.3. Inﬂuences of the equivalent aspect ratio of the pores and the
properties of the deposition products on the healing effectiveness of
EDM
The aspect ratio of the inclusions has a signiﬁcant effect on the
effective properties of the composite (Wang and Li, 2007;0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
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Fig. 8. Effective bulk modulus of the unsaturated concrete.
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Fig. 9. Effective shear modulus of the unsaturated concrete.
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Fig. 11. Inﬂuence of the equivalent aspect ratio on the effective shear modulus
during the healing process.
Table 1
Properties of intrinsic concrete and water (Yaman et al., 2002a,b).
Properties Bulk modulus (GPa) Shear modulus (GPa)
Intrinsic concrete 27.91 18.45
Water 2.25 0
Table 2
Properties of three types of deposition products.
Bulk modulus (GPa) Shear modulus (GPa)
Type 1 18.61 12.3
Type 2 27.91 18.45
Type 3 41.865 26.675
3882 Z. Yan et al. / International Journal of Solids and Structures 50 (2013) 3875–3885Berryman, 1980). Similarly, the equivalent aspect ratio of the pores
in the unsaturated zone also plays an important role in the healing
effectiveness of EDM. To investigate these effects quantitatively,
the effective saturation degree is presumed to be constant (at
80%), and the properties of the deposition products are presumed
to be the same as that of the intrinsic concrete in previously con-
ducted experiments (Yaman et al., 2002a,b). Four different values
of the equivalent aspect ratio, i.e., 0.1, 0.2, 0.5 and 1.0, are em-
ployed (Wang and Li, 2007). As exhibited in Figs. 10 and 11, the
effective properties of the healed unsaturated concrete are lower
when the values of the equivalent aspect ratio are lower because
an ellipse or disk generally decreases concrete stiffness (Stora
et al., 2006). Furthermore, the inﬂuence of the aspect ratio be-
comes more signiﬁcant as the unsaturated zone increases.
Three types of deposition products with the same Poisson’s ra-
tio are employed to illustrate the inﬂuence of the properties of the
deposition products on the mechanical properties of concrete dur-
ing the healing process. The properties of intrinsic concrete and the
three types of deposition products are listed in Tables 1 and 2,
respectively. The initial porosity of the concrete is presumed to
be 35%, which covers the upper limit of most reinforced concrete
specimens (Jiang et al., 2008; Yaman et al., 2002a,b). The effective
saturation degree is 80%, while the effective porosity is 80% of the
original porosity and the equivalent aspect ratio in the unsaturated0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
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Fig. 10. Inﬂuence of the equivalent aspect ratio on the effective bulk modulus
during the healing process.zone is 0.2 (Wang and Li, 2005, 2007). Due to the ﬁlling effect of the
deposition products, the theoretical porosity of the concrete will
gradually decrease to zero during the healing process.
Figs. 12 and 13 present the variations in the mechanical proper-
ties of the equivalent composite of the healed unsaturated con-
crete. The properties of the equivalent composite gradually
increase during the healing process due to the accumulation of0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
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Fig. 12. Inﬂuence of the properties of the deposition products on the effective bulk
modulus during the healing process.
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Fig. 13. Inﬂuence of the properties of the deposition products on the effective shear
modulus during the healing process.
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during the healing process result in enhanced properties of the
equivalent composite, although different types of deposition prod-
ucts have similar inﬂuences on the properties of the equivalent
composite. In conclusion, the properties of the deposition products
play an important role in the mechanical properties of the concrete
during the healing process.6. Conclusions
This paper proposes a multi-phase micromechanical model to
theoretically illustrate the deposition healing process by microme-
chanics and to quantitatively describe the effective properties of
unsaturated concrete during the EDM healing process (based on
the unsaturated concrete’s microstructure and the EDM healing
mechanism). The results predicted by the proposed framework
are compared with experimental results from published studies.
In the proposed model, the intrinsic concrete, which is com-
posed of aggregates, mortar and their interface, is considered the
matrix phase. Pores in the unsaturated zone, the deposition prod-
ucts and water in the saturated zone are considered different inclu-
sions. A modiﬁed function is presented to extend the application of
the M–T method for predicting the effective properties of the
equivalent inclusions composed of deposition products and water.
Approximate expressions of the modiﬁed function are provided,
and the accuracy of this function is tested using detailed numerical
studies. Multi-level homogenization procedures are employed to
predict mechanical performance during the healing process. In
the ﬁrst-level homogenization, the M–T method with our modiﬁ-
cation is used to determine the effective properties of the equiva-
lent inclusions composed of deposition products and water. In the
second-level homogenization, the composite composed of the
intrinsic concrete and equivalent inclusions is homogenized to an
equivalent matrix. In the third-level homogenization, the effective
properties of the healed unsaturated concrete are obtained by the
homogenization of the two-phase composite (including equivalent
matrix and the pores in the dry and unsaturated zone). Further-
more, to predict the properties of healed concrete in the dry state,
some modiﬁcation coefﬁcients, which are used to consider the
shape changes of the healed pores, are introduced and discussed.
Moreover, our predicted results are compared with available
experimental data. The inﬂuences of the equivalent aspect ratios
of the pores and the properties of the deposition products on the
healing effectiveness are discussed in detail.From this study, the following main conclusions can be drawn:
(1) The M–T method with our modiﬁcation can predict the
effective properties of a two-layer composite with a high
volume fraction of the inclusion phase (water).
(2) When compared with the available experimental data, our
proposed multi-phase micromechanical model for unsatu-
rated concrete repaired using the EDM is both feasible and
capable of describing the mechanical performance of unsat-
urated concrete during the EDM healing process.
(3) Based on our proposed model, the effective saturation
degree, the equivalent aspect ratios of the pores and the
properties of the deposition products play important roles
in the healing effectiveness of the EDM.
Since the EDM is relatively new, the experimental data available
for testing our proposed framework is limited. We are now prepar-
ing detailed experiments that include realistic testing of properties
of the deposition products and detailed descriptions and measure-
ments of key material parameters during the EDM healing
processes.
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Appendix A
Christensen and Lo (1979) obtained the exact bulk and approx-
imate shear moduli for the two-layer sphere composite. The effec-
tive bulk modulus and shear stiffness for the composite can be
expressed by Eqs. (A1) and (A2), respectively (Christensen and
Lo, 1979)KL ¼ K2 þ /wðK1  K2Þð3K2 þ 4l2Þ3K2 þ 4l2 þ 3ð1 /wÞðK1  K2Þ
ðA1Þ
A
lL
l2
 2
þ B lL
l2
 
þ C ¼ 0 ðA2Þ
withA ¼ 8 l1
l2
 1

 
ð4 5mOÞg1/10=3w
 2 63 l1
l2
 1
 
g2 þ 2g1g3

 
/7=3w þ 252
l1
l2
 1

 
g2/
5=3
w
 50 l1
l2
 1

 
7 12mO þ 8m2O
 	
g2/w þ 4ð7 10mOÞg2g3 ðA3Þ
B ¼ 4 l1
l2
 1

 
ð1 5mOÞg1/10=3w
þ 4 63 l1
l2
 1
 
g2 þ 2g1g3

 
/7=3w  504
l1
l2
 1

 
g2/
5=3
w
þ 150 l1
l2
 1

 
ð3 mOÞmOg2/w þ 3ð15mO  7Þg2g3 ðA4Þ
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l2
 1

 
ð5mO  7Þg1/10=3w
 2 63 l1
l2
 1
 
g2 þ 2g1g3

 
/7=3w þ 252
l1
l2
 1

 
g2/
5=3
w
þ 25 l1
l2
 1

 
m2O  7
 	
g2/w  3ð7þ 5mOÞg2g3 ðA5Þ
g1 ¼
l1
l2
 1

 
ð49 50m1mOÞ þ 35 l1l2
 
ðm1  2mOÞ þ 35ð2m1  mOÞ
ðA6Þ
g2 ¼ 5m1
l1
l2
 8

 
þ 7 l1
l2
þ 4
 
ðA7Þ
g3 ¼
l1
l2
½8 10mO þ ð7 5mOÞ ðA8Þ
where /w is the volume fraction of inner phase material (water); K1
and l1 are the bulk modulus and shear modulus for inner layer
material, respectively; K2 and l2 are the bulk modulus and shear
modulus for outer layer material (the deposition products), respec-
tively; m1 and mO are the Poisson’s ratios for the inner layer and outer
layer materials, respectively; KL and lL are the exact bulk and
approximate shear moduli for the two-layer sphere composite ob-
tained by the two-layer sphere composite model (Christensen and
Lo, 1979).
When we apply the M–T method, the outer layer material (the
deposition products) is viewed as the matrix phase and the inner
layer material (water) is treated as the particle phase (inhomoge-
neities). Then the effective properties for the two-layer sphere
composite are (Mori and Tanaka, 1973)
KM ¼ K2 þ /wðK1  K2Þð3K2 þ 4l2Þ3K2 þ 4l2 þ 3ð1 /wÞðK1  K2Þ
ðA9Þ
lM ¼ l2 þ
5/wl2ðl1  l2Þð3K2 þ 4l2Þ
5l2ð3K2 þ 4l2Þ þ 6ð1 /wÞðl1  l2ÞðK2 þ 2l2Þ
ðA10Þ
It can be found that the effective bulk modulus estimated by
Christensen and Lo (1979) and Mori and Tanaka (1973) are the
same. Since the inner phase is water; i.e., l1 ¼ 0 and m1 ¼ 0:5, then
l1=l2 ¼ 0. On the basis of Eqs. (A2)–(A8), the shear modulus esti-
mated by Christensen and Lo (1979) turns to
lL
l2
¼ gðvO;/wÞ ðA11Þ
where gðvO;/wÞ is a function of vO and /w.
According to the well-known relationships among the elastic
parameters, the bulk modulus can be rephrased as below
K2 ¼ 2l2ð1þ v2Þ3ð1 2v2Þ ðA12Þ
where v2 ¼ vO is the Poisson’s ratio of the outer layer material
(deposition products).
Substituting Eq. (A12) and l1 ¼ 0 into Eq. (A10), we can ﬁnd
that
lM
l2
¼ f ðvO;/wÞ ðA13Þ
where f ðvO;/wÞ is the function of vO and /w.
With Eqs. (A11) and (A13), we can obtain the modiﬁed function
MðmO;/wÞ as follows
MðmO;/wÞ ¼
lM  lL
lL
¼ f ðmO;/wÞ  gðmO;/wÞ
gðmO;/wÞ
ðA14ÞTherefore, the modiﬁed function MðmO;/wÞ is a function of the
Poisson’s ratio of outer layer material (deposition products) and
the volume fraction of water.
Appendix B
Since the estimation provided by the M–T method is acceptable
when the volume fraction of the inclusion phase (/w) is less than
30% (Du and Jin, 2011), the approximation for the MðmO; /wÞ can
be expressed as 0 when /w < 30%
MðmO;/wÞ ¼ 0 ðB1Þ
When 30% 6 /w 6 100%, simple linear functions are used to
approximate the values for the speciﬁc ðmO;/wÞ. For example, when
mO ¼ 0, the linear function can be reached by
Mð0;/wÞ ¼ Mð0;0:3Þ þ
Mð0;0:9999Þ Mð0;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0280þ 0:5314 ð/w  0:3000Þ ðB2Þ
Similarly, the linear functions for other value of mO can be ob-
tained as follows
Mð0:1;/wÞ ¼ Mð0:1;0:3Þ þ
Mð0:1;0:9999Þ Mð0:1;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0316þ 0:5898 ð/w  0:3000Þ ðB3Þ
Mð0:2;/wÞ ¼ Mð0:2;0:3Þ þ
Mð0:2;0:9999Þ Mð0:2;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0361þ 0:6627 ð/w  0:3000Þ ðB4Þ
Mð0:3;/wÞ ¼ Mð0:3;0:3Þ þ
Mð0:3;0:9999Þ Mð0:3;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0415þ 0:7570 ð/w  0:3000Þ ðB5Þ
Mð0:4;/wÞ ¼ Mð0:4;0:3Þ þ
Mð0:4;0:9999Þ Mð0:4;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0483þ 0:8834 ð/w  0:3000Þ ðB6Þ
Mð0:5;/wÞ ¼ Mð0:5;0:3Þ þ
Mð0:5;0:9999Þ Mð0:5;0:3Þ
0:9999 0:3 ð/w  0:3Þ
¼ 0:0567þ 1:0619 ð/w  0:3000Þ ðB7Þ
It is noted that we choose 0.9999 < 1 as the upper bound for the
volume fraction of water. The values such as Mð0;0:9999Þ,
Mð0;0:3Þ and so on can be calculated by Eq. (A14).
Supplementary data
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.ijsolstr.2013.
07.020.
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